moments and a bending moment in a functionally graded plate, as well as concentrated forces in the plane of the plate; these solutions employed complex variable techniques. Nadai (1925) provided particular solutions to a sectorial plate subjected to a tip twisting moment and a tip bending moment. These solutions are applicable to a plate of infinite radial extent with free radial edges, implying that any additional boundary conditions are located at a far distance from the plate's tip. Carrier and Shaw (1950) applied an asymmetric eigenfunction expansion to Nadai's particular solution for the tip twisting moment problem to account for fixed circumferential boundary conditions for a cantilevered sectorial plate; they enforced the fixed boundary conditions in a relaxed (averaged) manner. Kennedy et al. (2008) corrected mistakes in the presentation of Carrier and Shaw and compared their results to those from a finite element analysis; the agreement was found to be very good. Similarly, Christy et al. (2013) used Nadai's particular solution for a sectorial plate subjected to a tip bending moment and applied a symmetric eigenfunction expansion for the fixed boundary conditions, similar to the procedure used by Carrier and Shaw (1950) , to produce a closed-form deflection solution.
This paper presents the total solution for a cantilevered sectorial plate subjected to a tip concentrated force. However, the particular solution for this problem was not found in the literature; so it is first derived and presented in this paper. Then the particular solution is modified by a symmetric eigenfunction expansion and an "averaged" application of the fixed boundary conditions to produce the closed-form deflection solution. The solution is subsequently compared to the results from a finite element analysis.
Results and discussion
The infinite sectorial plate shown in Fig. 1 is subjected to three different applied tip loading conditions: a twisting moment M t , a bending moment M b , and a concentrated force P; the applied moments are observed to have the traditional units of force times length. The coordinate systems and the plate dimensions are also shown in the diagram. The origin of the Cartesian coordinate system is located at the tip of the plate on the plate's neutral surface. A right-hand coordinate system is used, where the positive X-axis points to the right, bisecting the plate, the Y-axis is perpendicular to the X-axis, and the positive Z-axis points downward. The origin of the polar coordinate system is also located at the tip of the plate. The radial distance r ranges from 0 (at the tip) to infinity; if the plate were to have a finite length R, r would satisfy 0 ≤ r ≤ R. The circumferential coordinate θ Existing particular solutions for tip twisting moment and tip bending moment Nadai (1925) presented mixed coordinate solutions (i.e. a function of both Cartesian and polar coordinates) for an infinite sectorial plate subjected to a tip twisting moment and a tip bending moment. Equivalent equations, after being converted to polar coordinates, are presented below. As presented in Kennedy et al. (2008) , the particular solution for a sectorial plate subjected to a tip twisting moment is where Similarly, Christy et al. (2013) presented the particular solution for a sectorial plate subjected to a tip bending moment where In these equations w 0i is the plate's deflection in the Z-direction, where the first subscript 0 denotes the particular solution and the second subscript, t or b, denotes that the deflection is due to an applied twisting moment or bending moment, respectively. R is an arbitrary radial length, D is the plate's flexural rigidity (D = Et (2) represent an asymmetric solution with respect to the X-axis due to the applied twisting moment, and Eqs. (3) and (4) represent a symmetric solution due to the applied bending moment.
Derivation of the particular solution for a tip concentrated force
To the authors' knowledge, the particular solution for an infinite sectorial plate subjected to a tip concentrated force does not exist in the literature, so it is derived here. An infinite sectorial plate implies a self-similar problem, leading to a deflection solution of the form
Equilibrium requires that n = 2, since the shear force per length along any arc must be proportional to r −1
. If θ is restricted to the range −α ≤ θ ≤ + α, the solution to the biharmonic equation gives the deflection solution
The general solution to the biharmonic equation is given in Timoshenko and Goodier (1987) . The relationship between the two constants, B and C, is obtained by applying the free radial edge condition M θ (r, α) = 0, where is generally an internal moment that induces normal stresses in the plate in the θ direction; M θ (r, θ) is a "moment intensity" with units of moment per length (N m/m). Thus, substituting Eq. (6) and its derivatives into Eq. (7), evaluated at θ = +α, gives the expression A second equation relating P and C is obtained by using the expression for the internal twisting moment (a moment intensity with N m/m units) When Eq. (6) and its derivatives are substituted into Eq. (9) and evaluated at θ = + α, it produces
The twisting moment intensity along the plate's edge is observed to remain constant for all values of r. As shown in Fig. 2 , the twisting moment intensity M rα times the length dr produces a moment in force times length units that can be replaced by equivalent couple forces F separated by the same distance dr; thus Fdr = M rα dr, which leads to
The two corner forces F toward the tip of the plate, from two different twisting moment couples (see Fig. 2 ), are set equal the applied concentrated force P to give Substituting Eq. (11) into Eq. (12) shows that Next, substituting Eq. (10) into Eq. (13) and rearranging gives the expression for C (6) w 0 = r 2 (B + C cos(2θ))
Substituting Eq. (14) into Eq. (8) gives Finally, substituting Eqs. (14) and (15) into Eq. (6), the particular solution for a sectorial plate subjected to a tip concentrated force P is given by where the first subscript 0 denotes that this is a particular solution and the second subscript p denotes that the deflection is due to an applied tip concentrated force P.
Solution for cantilevered sectorial plates
An eigenfunction expansion is applied to account for the fixed boundary conditions at r = R for a finite sectorial plate. Noting that the tip concentrated force P will cause a symmetric deflection of the plate about the X-axis, only the cosine terms of the expansion are needed. Christy et al. (2013) used the eigenfunction expansion for a similar symmetric solution This satisfies the free radial edge conditions while allowing adjustment of the particular solution (infinite plate solution) to satisfy the fixed boundary conditions. Each w j corresponds to a deflection term that contributes to the total deflection, and each n j is the corresponding eigenvalue for the respective term of the equation. The constants b j are obtained by imposing the boundary condition M θ (r, α) = 0 to produce After the eigenvalues n j and constants b j are found, the total deflection equation is given by where w 0 is the particular solution and only the constants a j remain to be determined by applying the boundary conditions at the fixed support.
Equation (20) indicates that an infinite number of terms are required for the total solution. However, most practical applications will likely require only three or four terms. For example, Christy et al. (2013) and Kennedy et al. (2008) have shown that Carrier and Shaw's (1950) technique of "averaging" the boundary conditions at the fixed support produces a very accurate total solution using only the first four terms of Eq. (20). The constants a j are found by applying and Equations (21) and (22) permit only two constants a j to be calculated for two terms in the expansion within the summation of Eq. (20). If more terms (and more constants a j ) are desired, then boundary conditions of zero deflection or zero slope can be applied at specific points along the plate's fixed edge.
Example
A finite cantilevered sectorial plate, with the geometric and material properties and the loading values given in Table 1 , is independently subjected to the three tip loading conditions, as shown in Fig. 1 . Table 2 displays the three eigenvalues n j and the corresponding b j and a j constants of the eigenfunction expansions for each loading condition for j = 1, 2, 3. The tip bending moment and the tip concentrated force solutions both require eigenfunction expansions containing cosines, Eq. (17), because both loadings cause symmetric deflection solutions with respect to the X-axis. The tip twisting moment, however, produces an asymmetric solution with respect to the X-axis and requires sines in place of the cosines in the
eigenfunction expansion (Kennedy et al. 2008 ). Table 2 also shows that both symmetric solutions produce identical values for the eigenvalues n j and constants b j ; it is only the constants a j resulting from the particular solutions that are different for the specific loading case. On the other hand, the asymmetric solution corresponding to the twisting moment produces different eigenvalues n j and constants b j when compared to the symmetric solutions; further, the first eigenvalue n 1 is now observed to equal unity not zero. For each loading case, Eqs. (21) and (22), along with the specific boundary condition w(R, α) = 0, are applied to produce three constants a j to be used in the eigenfunction expansion. Focusing on the total solution for the plate subjected to the tip concentrated force, the constants in the first three rows of Table 2 are substituted into Eq. (17) to provide the first three terms of the eigenfunction expansion, thus Finally, the total solution is given by substituting the constants a j from [cos (7.515θ) − 0.731 cos (5.515θ )]
(26) w p (r, θ ) = w 0p (r, θ ) + a 1 w 1p (r, θ ) + a 2 w 2p (r, θ ) + a 3 w 3p (r, θ ) where the subscript p in Eqs. (23)- (26) denotes that the deflection terms are for a plate subjected to a tip concentrated force P. It is noted that an analogous procedure is followed for the total solutions for the other loadings. The results of the total closed-form solution for the plate under a tip concentrated force were compared to those from a finite element analysis. An ANSYS model using 625 SHELL93 elements was created for this loading; Kennedy et al. (2008) and Christy et al. (2013) describe the ANSYS model in more detail. Figure 3 is an overlay plot comparing the closed-form deflections to the numerical (finite element) deflections along the edge of the plate θ = +α. Each curve is normalized by dividing it by the maximum closedform deflection of 2.34231 mm (9.22167 × 10 −2 in.), which occurs at the tip of the plate.
The radial coordinate on the abscissa is normalized by dividing it by the plate's radius R. The two solutions are in near-perfect agreement. Table 3 contains normalized closedform and numerical deflection values to five significant figures along the edge of the plate θ = +α; the deflections are normalized by the maximum closed-form deflection. Figure 4 shows the percent error between the two curves plotted in Fig. 3 . The percent error is computed by 0.00000 × 10 0 where the difference in the deflections is expressed as a fraction of the maximum closedform deflection. The maximum error of 0.08 % occurs at the plate's tip, with the remaining error along the plate's edge bounded by ±0.05 %. Figure 5 contains plots of the normalized deflections along the arc r = R/2. The numerical solution is slightly stiffer than the closed-form solution; however, the deflections show similar curvature along the arc traversing from −α to +α. Table 4 contains normalized closed-form and numerical deflection values to five significant figures along the arc r = R/2; the deflections in this table are also normalized by the maximum closedform deflection. Figure 6 shows the percent error of the deflections presented in Fig. 5 . The error is symmetric about the plate's bisector (θ = 0) with a maximum error <0.05 %. Figure 7 contains plots of the resulting closed-form deflection and slope along the fixed boundary. The normalized support deflection W s * is obtained by dividing the support deflection by the maximum closed-form deflection w max . The normalized slope at the support θ s * is obtained by dividing the support slope by the ratio of the maximum closed-form deflection to the plate's radial length w max /R. The true boundary conditions are not satisfied exactly, as the curves are observed to oscillate about the exact zero deflection and slope boundary conditions. However, these deviations from zero are very small, indicating that the "averaged" boundary conditions [Eqs. (21) and (22) sufficiently accurate solution for most practical applications. Finally, it is observed that the boundary condition w(R, α) = 0, applied at a single point, ensures that the deflection is identically zero at θ = +α and −α. 
